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lattice parameter → 0 grain size → 0

Taxonomy of polycrystalline plasticity
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General problems of evolution
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Weighted Energy-Dissipation functionals
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Causal trajectories are energetic solutions

A. Mielke & MO, ESAIM: COCV, 14 (2008) 494–516.
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Deformation theory of plasticity
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Micro-to-macro: Effective problem

Mielke, A. and Müller, S., ZAMM, 86 (2006) 233–250.

lattice parameter → 0 grain size → 0
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Local deformation theory: Growth

Ti

Eleiche & Campbell (1974)

Armand Considère, Annales des Ponts et Chaussées, 9 (1885) 574-775.

Necking of bars
Rittel et al. (2014)
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Strain-gradient plasticity

W. Nix & H. Gao (1998)

N. Fleck et al. (1993)
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Growth w.r.t. strain gradient: Heuristics 

Fence structure 
in copper

(J.W. Steeds, Proc. Roy. Soc. London, 
A292, 1966, p. 343)

Dislocation wall
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Micro-to-macro: Effective problem
lattice parameter → 0 grain size → 0
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Strain-gradient plasticity and fracture
brittle ductile

(Courtesy NSW HSC online)

Fracture surface in SA333 steel,
room temp., dε/dt=3×10-3s-1

(S.V. Kamata, M. Srinivasa and P.R. Rao,
Mater. Sci. Engr. A, 528 (2011) 4141–4146)
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Ductile fracture: Optimal scaling
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Optimal scaling: Heuristics
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Ductile fracture: Void sheets

Heller, A., How Metals Fail, Science & Technology Review Magazine, 
Lawrence Livermore National Laboratory, pp. 13-20, July/August, 2002 

void 
sheet
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Ductile fracture: Upper bound

L. Fokoua, S. Conti & MO, ARMA, 212 (2014) 331–357.
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Upper bound: Sketch of proof

void

void
sheet

QED
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Ductile fracture: Lower bound

L. Fokoua, S. Conti & MO, ARMA, 212 (2014) 331–357.
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Lower bound: Sketch of proof

QED
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From micro-plasticity to ductile fracture

SUCCESS! ODER?
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Critique of SGP (I): Size effect

Mu, Y., Chen, K., Meng, W.J., 2014. MRS Commun. Res. Lett. 4, 126–133.
Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2016. MRS Commun. Res. Lett.20, 1–6.
Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2017. J. Mater. Res. 32 (8), 1421–1431.
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1Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2016.  MRS 
Commun. Res. Lett. 20, 1–6.

Shear flow stress as a function of thickness for Cu layers1. 
SGP model prediction shown as dashed line. 

Insert shows SEM image of experimental setup.

SGP
GAP!

Mu, Y., Zhang, X., 
Hutchinson, J.W., Meng, W.J., 

2017. J. Mater. Res. 
32 (8), 1421–1431.

Strain-gradient plasticity misses size effect!
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Confined layer under prescribed simple shear
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Confined layer under prescribed simple shear
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Confined layer under prescribed simple shear
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1Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2016.  MRS 
Commun. Res. Lett. 20, 1–6.

Shear flow stress as a function of thickness for Cu layers1. 
SGP model prediction shown as dashed line. 

Insert shows SEM image of experimental setup.

SGP
GAP!

Mu, Y., Zhang, X., 
Hutchinson, J.W., Meng, W.J., 

2017. J. Mater. Res. 
32 (8), 1421–1431.

Strain-gradient plasticity misses size effect!
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Critique of SBP (II): Final stages of fracture

Final fracture of high-purity Ni 

P. Noell, J. Carroll, B. Boyce, K. Hattar & B. Clark, SAND2018-2431C 

ligament
pull-out 
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EAM Nickel,
[111] loading,

NPT 300K1

1M.I. Baskes and M. Ortiz, JAM, 82: 071003-1-071003-5, 2015

Final stages of fracture in metals
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Ligament formation as topological transition

Topology of ligament formation

bores of vanishing radius
inscribed in crack plane

ligaments
crack
flanks
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Strain-gradient plasticity misses 
final stages of fracture!

S. Conti & MO, ARMA, 219(2) (2016) 607-636.
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Fractional strain-gradient plasticity
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Confined layer under prescribed simple shear

can match
size scaling

exactly!
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1Mu, Y., Zhang, X., Hutchinson, J.W., Meng, W.J., 2016.  MRS 
Commun. Res. Lett. 20, 1–6.

Shear flow stress as a function of thickness for Cu layers1. 
SGP model prediction shown as dashed line. 

Insert shows SEM image of experimental setup.

SGP

Mu, Y., Zhang, X., 
Hutchinson, J.W., Meng, W.J., 

2017. J. Mater. Res. 
32 (8), 1421–1431.

𝜎𝜎 = 0.2!
FSGP

Fractional strain-gradient plasticity 
can match size scaling
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Ductile fracture revisited: FSGP

S. Conti & MO, ARMA, 219 (2016) 607–636

adapted from 

adapted from 
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Upper bound: Sketch of proof

void 
sheet

ligament

QED
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Micro-plasticity to ductile fracture revisited
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lattice parameter → 0 grain size → 0

Concluding remarks

• (Optimal) bounds are often sufficient for engineering design
• Optimal scaling provides a practical avenue for traversing 

length scales: Exact form of effective behavior (e.g., from a 
Gamma-expansion) need not be known, only suitable bounding 
functionals are required.

• The precise form of such bounding functionals remains the 
subject of conjecture (Integral? Differential order? Growth 
exponents? Multiplicative constants?)

• Can multiscale analysis aid in the determination of rigorous 
bounding functionals from micromechanics?
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Concluding remarks

Thank you!
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